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Abstract Theoretical results on the scaling properties of turbulent velocity ﬁelds are reported in this
letter. Based on the Kolmogorov equation and typical models of the second-order statistical moments
(energy spectrum and the second-order structure function), we have studied the relative scaling using
the ESS method. It is found that the relative EES scaling exponent S2 is greater than the real or
theoretical inertial range scaling exponent ξ2, which is attributed to an evident bump in the ESS
range. c© 2011 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1103208]
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In order to characterize the statistical properties of
fully developed turbulence, one usually studies the scal-
ing properites of moments of velocity diﬀerence at scale
r. We use 〈Δupr〉 to denote the structure function of
order p of turbulence, where Δupr is the longitudinal ve-
locity diﬀerence across a distance and 〈· · ·〉 stands for
ensemble statistical average. At high Reynolds num-
ber, in the inertial range,1−2 we have the scaling of
〈Δupr〉 ∼ rζp . The Kolmogorov (K41) theory predicts
ζp = p/3 (normal scaling), but experimental and nu-
merical results show that ζp deviates substantially from
the linear law (anomalous scaling). The discrepancy
between normal and anomalous scaling of isotropic tur-
bulence is a hot topic in the modern statistical theory of
isotropic turbulence. In order to explain this anomalous
scaling observed in experiments, various intermittency
models have been developed.
In 1962, Kolmogorov presented a new intermittency
model, predicting that the self-similarity was not valid
in the inertial range, ζ2 > 2/3, and ζp < p/3 if p > 3
(anomalous scaling). Following K62, many works have
been published to support K62 prediction. However,
recent works by Qian and Lundgren reported some ev-
idence supporting K41 self-similarity, and highlighted
the issue of K41 and K62. Some scientists thought we
should look into the experiments to decide which was
the better theory, K41 or K62? In experiments, we
can get an approximate scaling law 〈Δupr〉 ∼ rξp , ξp is
the absolute scaling exponent. Benzi et al.3 proposed
the extended self-similarity (ESS) method to study the
relative exponent Sp of 〈Δupr〉 against
〈
Δu3r
〉
and they
believed that Sp was better than ξp, where Sp is the rel-
ative scaling exponent. The data from experiments or
numerical simulations show both ξp and Sp are anoma-
lous. Assuming Sp = ζp and ξp = ζp, many scientists
prefer K62.
Recently, through theoretical analysis, Qian4 has
developed a quasi-closure scheme to calculate the struc-
ture functions and found that the relative EES exponent
S2 is not valid in the strict sense due to an evident bump
in the general ESS range. In this letter, we repeat and
a)Corresponding author. Email: zran@staﬀ.shu.edu.cn.
improve his work, and get some further interesting re-
sults:
(a) A wide range with greater scope has been com-
puted, where Qian4 got curve only by the least-squares
ﬁt. In this way, one can give a powerful proof to prove
that the bump is suﬃciently evident.
(b) We found an analytical solution of S2 in a sim-
ple bump model, and analyzed the solution. The results
are used to check the present numerical method.
(c) We used a better model of energy spectrum-
Panchev model.5
(d) We compared our solution of S2 to the experi-
mental data by Benzi et al.,9 revealing that the relative
exponent S2 is not a strict constant. The reason for the
undulation of S2 remains unclear.
The main results of this letter report some evidence
supporting that Qian’s discovery of the bump in the
ESS range is still correct in more complex cases. These
results show that the data of S2 = 0.7 actually favour
the Kolmogorov 2/3 law rather than anomalous scaling
of ζ2 = 0.7 for more complex cases.
In the inertial range, where the large-scale eﬀects is
absent, we denote the second-order structure function〈
Δu2r
〉
as DLL(r), and denote the third-order structure
function
〈
Δu3r
〉
as DLLL(r). If we have had the data of
DLL(r) and DLLL(r), by the ESS theory, we could get
3
S2 =
∂ lg(DLL(r))
∂ lg(−DLLL(r)) , (1)
DLL(r) is the result of integration of energy spectrum
1
DLL(r) = 4
∞∫
0
E(k)
[1
3
+
cos(kr)
(kr)2
− sin(kr)
(kr)3
]
dk. (2)
Here, E(k) is the three-dimensional energy spectrum.
In general cases, we can not ﬁnd the analytical solu-
tion of Eq.(2), therefore, the ordinary Simpson method
is used to get the equation’s numerical solution. The
choice of energy spectrum play a very important role
in this development. In the universal equilibrium,
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DLLL(r) can be computed by exact relation between
the second- and third-order structure functions1
DLLL(r) = −4
5
εr + 6ν
∂DLL(r)
∂r
, (3)
which is the celebrated Kolmogorov equation. Gener-
ally, the ﬁrst step is to make a choice of the turbulence
energy spectrum. In the second step, we use Eq. (2) to
get the second-order structure function DLL(r). Then,
by using the Kolmogorov equation (3), we can calculate
DLLL(r). Finally we calculate the EES relative scaling
exponent S2 of DLL(r) by the EES method for both
normal scaling and anomalous scaling.
Extending the concept of Onsager spectrum bump,
Pao introduced the reduced-order concept of turbulent
energy and heat transfer. This approximation method
will bring a very simple energy spectrum5
E(k) = αε2/3k−5/3 exp
(
− 3
2
ανε−1/3k4/3
)
. (4)
The introduction of non-dimensional variables x =
k/kd, where kd = η
−1 = ν−3/4ε1/4, then we have anther
form of Eq. (4) as
E(k) = αε1/4ν5/4x−5/3 exp
(
− 3
2
αx4/3
)
, (5)
where α is the Kolmogorov constant. In Qian’s work,4
α = 1.7. To compare with his work, we use the same
value of α.
The main drawback of Pao model is that it neglects
the bump phenomenon. A more complex model will
be intrduced as follows which takes into account of the
bump phenomenon. The simple bump model is4
E(k) = αε1/4ν5/4x−5/3(Bxm + 1) exp(−Cxn). (6)
If B = 0, the simple bump model becomes Pao
model. The parameters of α,B,m,C, n are not inde-
pendent due to the energy dissipation relations5
2ν
∞∫
0
k2E(k)dk = ε. (7)
To a speciﬁc case of this model n = 1, we can solve
our problem just with analytic method. This is a very
important reason why we choose this model. We can
use the analytic solution to check the numerical method
adopted in our computation. First, we set the parame-
ters as follows6
α = 1.2, m = 1, C = 6.1, n = 1, (8)
and B is determined by the energy dissipation relations.
Then we change the parameter m to study stability
problem about parameter m.
Panchev and Kesich5 have proved that Pao model is
not applicable when k → ∞. So we introduce a better
energy spectrum: Panchev model5,which reads
E(x) =
(
x−5/3α−5/4 +
√
3
2
x−1α−3/4
)
·
Fig. 1. The lg-lg plot of DLL against −DLLL with Pao’s
model equation (4). Our solution is denoted by solid line
and Qian’s by open circles.
exp
(
−
√
6
2
α3/2x2 − 3
2
αx4/3
)
. (9)
It is the best model to correspond to reality in our
case.
We calculate each model over the range from 1 <
r/η < 105 with our numerical method. Figure 1 is the
lg-lg plot of DLL(r) against −DLLL(r), it shows an al-
most straight line over the range of 1 < r/η < 105
with the typical energy spectrum (Pao model). But
more detailed analysis shows that the local slop, which
is the relative exponent S2, has an evident bump. Qian
4
has got the same result about S2 over the range of
4 < r/η < 103 and he used the least-squares ﬁt to
extend his calculation range. Figures 1 and 2 give
the comparison between our results and Qian’s over
4 < r/η < 103, it shows the two data coincide very
good. We think least-squares ﬁt is not an ideal way
to illustrate the existence of bump. Because no matter
how character of S2 is, least-squares ﬁt only could get a
constant. At this point, one might argue that the bump
of S2 is not remarkable, the bump is just induced by er-
ror. It is clear from Fig.1 that S2 is not constant over
the range from 1 < r/η < 105. Figure 2 is a power-
ful proof to prove that the bump is remarkable enough.
According to the simple bump model , we can use Eqs.
(6) and (8) to calculate Eq. (2) just by analytic method.
The analytic solution of DLL(r) is
DLL(r)/(νε)
1/2 =
8
5r3
(14.7612r3 + 2830.83r(1+
Ar2)5/6 cos(5/3 arctan(Br)) + 336.95r(1 +Ar2)4/3·
cos(8/3 arctan(Br))− 6475.52(1 +Ar2)4/3·
sin(8/3 arctan(Br)) + 560.57(1 +Ar2)11/6·
sin(11/3 arctan(Br))),
(10)
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Fig. 2. The ESS scaling exponent S2 of Pao’s model Eq.
(4). Our solution is denoted by solid line and Qian’s by
square.
Fig. 3. S2 of the simple bump model Eq. (6), calculated by
analytic method (solid line) and numerical method (delta).
where A = 0.026 875; B = 0.1 639.
The simple bump model considers the bump phe-
nomenon, and the result of this model also show a
bump of S2 in the range of 4 < r/η < 10
3. But un-
like Pao model, we get another bump in the range of
102 < r/η < 104. Qian missed this bump because
of the least-squares ﬁt he used. We can get the re-
sult through both numerical and analytic method, so
it is a good chance to check our numerical method. In
Fig. 3, we can see the two bumps and the agreement be-
tween numerical and analytic results. Then we change
the parameter of m in Eq.6 and ﬁnd that the second
bump has no universality. The second bump disappears
when parameter m increases, but it increases as param-
eter m decreases. We could clearly see the result from
Fig. 4.
Fig. 4. S2 of the simple bump model for m = 1.4 (dashed
line), 1(solid line) and 0.7 (dotted line).
Fig. 5. S2 of Panchev model Eq. (9) for α=1 (solid line),
1.2 (dashed line) and 1.5 (dash dot line).
The last model is Panchev model, the best energy
spectrum in this paper. Before calculation, we should
ﬁrst choose the Kolmogorov constant α. Here we give
three typical values of α, that is 1.5, 1.2, 1.0.7 From
Fig. 5, we can see the character that S2 is both evident
and universal no matter the change of α.
Benzi et al.9 claimed that S2 is roughly equal to 0.7
in their experiment, but Barenblatt pointed out that
data coming from experiments with diﬀerent Re did not
align up well on the “single line”.8 As Barenblatt had
done, we compared our solution of S2 to the experi-
mental data by Benzi in Fig.6. The data we chose come
from two series of experiments labeled by C18 and J.9
It is obvious even to the naked eye that the relative ex-
ponent S2 is not a strict constant, it has a increasing
trend when r is large. But the experimental data by
Benzi did not show the bump and the undulation is not
032008-4 S. X. Wan, and Z. Ran Theor. Appl. Mech. Lett. 1, 032008 (2011)
Fig. 6. Comparison of S2 between our results and Benzi’s
experimental data: the simple bump model (solid line);
Panchev model (dot line); C18 (squares); Qian (triangles).
so big.
The fundamental theory of turbulence concerns it-
self with the universality of the small scale structure
of turbulent ﬂows and its characterization by universal
scaling laws. Since the days of Kolmogorov, one has
expected the structure function 〈Δupr〉 to scale with r
as long as r falls in the inertial range. These ﬁndings
raise fundamental question to our understanding of the
universality of the scale structure of turbulence. Unfor-
tunately, the experimental measurement of the scaling
exponents in turbulent ﬂows is hampered by the fact
that the range of scales that exhibit scaling behavior is
rather small for Reynolds numbers accessible to date.
Even at Re about 107 the inertial ranges is not broad
enough to allow accurate measurement of scaling expo-
nent.
A partial resolution of these diﬃculties has been
recently oﬀered by Benzi et al..3 Instead of plotting lg-
lg plots of 〈Δupr〉 vs r, it was argued that plotting lg-
lg plots of 〈Δupr〉 vs
〈
Δu2r
〉
or
〈
Δu3r
〉
gets much longer
scaling ranges that can be used to ﬁt accurate expo-
nents. This method was dubbed extended self-similarity
(ESS), while the eﬀectiveness of this method has been
demonstrated. The reason for its success remains un-
clear. Therefore its reliability is not guaranteed.
In this letter, we study several typical models which
take into account the bump phenomenon, and it shows
that their ESS scaling exponents are also greater than
the real inertial scaling exponents ξ2. By adjusting the
relevant parameters of these models in a wide range
compatible with experimental data, the present mod-
els can address various possibilities. All models predict
that the local slope has an eviednt bump. This paper
reports some evidence supporting that Qian’s discovery
of the bump in the ESS range, is still correct in more
complex cases.
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